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INTRODUCTICN.

Riemans, in his well known publication on the
‘ Hypothesen, welche der Geometrie zu Grunde liegen,”
started from his definition of an arcelement in a
manifoldness of n dimensions,

ds = v Za, dx dx,,
in which the quantity under the radical is always posi-
tive and then proceeded to the development of the con-
ception of constant measure of curvature, which is per-
haps the substantial result of the publication. Aelm-
holiz on the contrary goes still further back and at-
tempts to found Riemann's assumption. He makes his
own assnmptions and, from these as a base, he attempts
to prove that all the transformations possible under his
conditions have the invarant
Za,dx dx,. }

Lie in an article in the * Lelpziger Berichte,” for Oc-
tober, 1886, notes inaccuracies in the development and
points out that, under one interpretation of Helm-
holtz's axiom of unrestricted motion (freie Beweglichheit),
his monodrom axiom is entirely superfiuous, while un-
der another interpretation, even all the axioms would be
insufficient to determine the groups, which preserve the
geometric qualities of a rigid body in space. Lie, in a
later article in the same publication,’ proves rigidly the

1 Leipziger Berichie, Oct., 1800,
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truth of his statement made in his article of 1886, He
proceeds from Helmholtz's assumptions, with the excep-
tion of one, namely, the monodrom axiom and deter-
mines all the groups, satisfying the given conditions.
Under the most general interpretation of the axiom of
“unrestricted motion,” he gets, besides the groups of
Euclidian and non-Euclidian motion, five others. Koz
alewsks, a pupil of Lie, has in his inaupural disser-
tation' extended Lie's investigations in space of three
dimensions to that of four and five. Besides the Euclid-
ian and non-Euclidian groups, he finds three others that
satisfy the condition of unrestricted motion. The dis-
cussion of these eight gronps, or more particularly the
one-patamtettic sub-groups, is the chief aim of this dis-
sertation.

The behavior of points under certain special con-
ditions iz in some cases most remarkable. Some-
times all the points of a surface remain at rest and some-
times not, depending upon the choice of the points we
hold stationary. In some cases tou, we find all the
points of a surface invariant wherever we may choose
out points, ‘Then, too, in space of four dimensions, we
find one group has in some cases closed path-curves and
in others not. .

To give Lie's development in its entirety is of course
out of the question, but at the same time, in order that
we may have a proper insight into the groups, a short
sketch is necessary.

1+ {Ther eine Kategorie von Transformetionsgruppen einer vierdim-
enslonalen Maonnigfaltigheit.” tlof.



CHAPTER I

SKETCH OF LIE'S DEVELOPMENT OF THE GROUPS
SATISFVING THE AXIOMS OF HELMHOLTZ.

Lie sums up the Helmholtz axioms in the following
words !

Let
H=FLY. B . ... a)
n=<¢(x 5,208 ....8)
z,=¢i(xX,¥v,%z4a ....4a)

be a set of real transformations in space of three dimen-
sions under the following conditicns:

(A) The funections p, ¢, ¢ are analytical functions
of the variables and the parameters,

{B) Two points shall have one and only one invari-
ant in the group. .

{C) There shall be unrestricted motion in space, that
is: the point x, ¥, z can be transformed into every other
poiut in space. [If we keep x, y, z, fixed, then a second
point can take o® positious, Hold two points station-
%ry, then a third point can take o' positions. Finally,
if we hold three points statienary, then all the points
in space remnain stationary.

(D) If we hold two points stationary and transform
the remaining peoints in all possible ways, then the
points, after traversing a finite distance, shall return at
the same time to their initial pusitions,

! Leipziger Berichle, Oct,, 1890,
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That this set of transformnations under the conditions
A, B, C form a group with six parameters is evident.
We have then the problem, to find all the six parametric
groups in space, which are defined by real analytical
equations ad for all real points satisfy the conditions
Band C.

The six equations:

Wep= f: (%, 300 21)‘:_;1 s B(RL Vg :_: =0

"3
(k=1,2, .. 6}
can have one and only one solution. Therefore
4 = }':I:e'i [:xl' ¥ z|:] R Cn (X,. F¥ar z:} =0

while the 5 rowed sub-determinants do not all vanish,
We can put this criterion in another forni. We mul-

tiply the W_g by such quantities $, ... .y, that
the co-efficients of :F, SF’ 55 ,in the expression ¢, W, +
v s . a—¢, W g shall be equal to zere. " We obtain

three eguations in the ¢'s with co-efficients depending on
x,, v 2, which we can solve for three of the ¢'s. The
other three are indeterminate. We choose three of the
mauy expressious

ViFr=39 W
5o that no relation

oy [:xll' ¥ ZL) Ve + oy V,.F -+ N,V‘F= o
exists, and set

IF_Ells.F + ¢ 1 8;:
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