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PREFACE TO THE REVISED EDITION.

In this revision an attempt has been made to present in
their unity the three methods commonly used in the Caleulus.
The concept of Rates is essential to s statement of the prob-
lems of the Caleulus ; the prineiples of Timits make possible
general solutions of these problems, and the laws of Infini-
tesimals greatly abridge these solutions.

The Method of Hates, generalized and simplified, does not
involve “the foreign clement of time.” For in measuring
and comparing the rates of variables, the rate of any variable
may be selected as the wnit of rafes. dy/dz Is the z-tate of 3,
or the ratio of the rate of y to that of x, according as the rate
of z 18 or is not the unit of rates. ’

The proofs of the privciples of differentiation by the
Method of Rates, and the numerous applications to geometry,
mechanics, ete., found in Chapter 11, render familiar the
prublem of rates before its solution by the Method of Limits
or Infinitesimals is introdueed.

In Chapter I1I, by proving that It (Ay /Ax) =dy /dx, the
problem of rates is veduced to the problem of finding the
limit of the ratio of infinitesimals.

The Theory of Infinitesimals is that part of the Theory of
Limits which troats of verialles having zero as their common
Ilimit. In approaching its limit an infinitesimal passes
through a series of finitely small values before it reaches
infinitely amall values. Infinitesimals can be divided into
orders, and their laws can be established and applied when
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they are finitely small as well as when they are infinitely
small. Henes, in the study of infinitesimals it is not neees-
sary to determine that indefinite boundary between the finitely
small and the infinitely small. Any small quantity becomes
an infinitesimal when it degins to approach zerc as its limit,
not when it reachea any particular degres of smaliness. A
quantity, however small, which does not approach zervo as its
limit is not an infinitesimal. If it is recognized that the
essence of infinitesimals lies in their having zero as their limit,
rather than in their smallness, the study of them ceases to be
mystical, obscure, and difficult.

Again, the coneept of a limit as a constant whose value the
variable never attains removes the necessity of studying the
anatomy of Bishop Berkeley’s #ghosts of departed quanti-
ties.” Infinitesimals never equal zero and should not be
denoted by the zero symbol. This distinction between infini-
tesimals and zero involves that between infinites and a /0.

The much-abused form © /0 cannot arise in the Caleulus or
elsewhere from any principle of limits ; a distinctive service
of the Theory of Limits is that it enables us to evaluate any
determinate expression when it assumes this or any other
indeterminate form.

Those who prefer to study the Caleulus by the Method of
Limits or Infinitesimals alone can omit the few demonstra-
tions in Chapter II, which involve rates, and substitute for
them the proofs by limits or infinitesimals in Chapter IIT.

To meet an increasing demand for a short course in differ-
ential equations, a chapter has been devoted to that subject.

A table of integrals arranged for convenience of referonce
is appended.

Thronghout the work, as in previons editions, there are
numerous practical problems from mechanies and other
branches of applied mathematics which serve to exhibit the
usefulness of the science, and to arouse and keep alive the
interest of the student.
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At the option of the teacher or reader, Chapters I and IT
of the Integral Caleulus can be read after completing Chapters
I and II of the Differential Caleulus; also many of the
numerous examples and problems may be omitted.

The author takes this opportunity of expressing his grati-
tude to the friends who by encouragement and suggestions
have aided him in this revision.

Jawes M. Tavyrog.
Mamirros, N. Y., 1508,



ELEMENTS OF THE CALCULUS.
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PART 1. DIFFERENTIAL CALCULUS.

CHAPTER L

FURCIIONS. RATES. DIFFERENTIALS,

1. A variable is a quantity which is, or is sapposed to be,
continually changing in value. Variable numbers are usnally
represented by the final letters of the alphabet, as «, », 2

A constant is a quantity whose value is, or is supposed to
be, fized or invariable. Constant numbers may be individual
or general. Individoal constants arve represented by figures ;
general constants are usually represented by the first letters
of the alphabet.

For example, in the equation of the eircle (z — 32+ (w —4)2 =193, 3
and 4 are individual constants fixing the centra; v 8 & general constant
denoting any rading ; @ and y are variables denoting the coirdinates of
the moving point which traces the cirele.

2. Classification of variables. A variable whose value
depends upon one or mare other variables is called a depend-
ent variebls, or a function of those variables. A variable which
does not depend upon any other variable is called an inde-
pendent variahie.

For example, 28 — 82, aln 2, and log (2 — a) are fanctions of the inde.
pendent variable 2. Again, & + Szy + 3%, log(2f — %), and ar+¥ ame
functiong of the two variables z and y.
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3, Clasgification of funmctions. An algyebrade funetion is
one which without the use of infinite series can be expressed
by the cperations of addition, subtraction, multiplication,
division, and the operations denoted by constant exponents.
All functions which are not algebraic are called transcendental.
Of these, the more common are ;

The sxponential function ¥ = ¢*; and its inverse, the loga-
rithmis funetion xz = log .

The trigenometric functions y = sin®, v = cos x, ete.; and
the inverse-trigonometiic functions x = sin™y, x = cos™y, ete.

4. Explicit and implicit functions. When an equation
involving two or more variables is solved for any one of
them, this one is said to be an explicit funetion of the others,
When an equation is not so solved, any one of its variables is
called an impliziz function of the others.

For cxample, in 2* + §® = »%, either ¥ or ¢ is an fmplicif function of
the other; while in y = £/ — 2%, y Is an cxplicil funetion of z, and in
:==:|:m,xisanemﬁcit-[mcuou aof y.

A funetion is aaid to be one-valued, two-valued, or n-valued
according as for each value of its variable it has one value,
two valnes, or = values.

For cxample, y i3 a onc-valued fonetion In y = 2%, & two-valaed fune-
tion in 37 = 4 px, and & three-valoed fupction in g2 +zy + 27 =1L

5. Increasing and decreasing functions., An snereosing
funetion is one which increases when its variable Inereases.
Hence, it decreases when ita variable decreases.

A deerensing function is one which desreases when its
varigble increases. Hence, it increases when its variable
deoreases.

For example, 5 and logz are increasing funclions of x, while — bz
and 1/x are decreasing functions of .



