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PREFACE.

Iz placing before his renders the following brief ontline
of o point of view, the writer is well aware thut it is far
from complete in many respects. He however believes that,
in the first presentiment of a theory, thers are considerabla
advantages in stating explicitly only its principal features,

To cover up & general standpoint nnder & mass of detail
is to run the risk of ohsenring it altogether. There is always
the danger that the reader may “nct be able to see the
wood for the trees”—a donger which is becoming very
real in much modern mathernaties.

The substance of the following essny was originally
intended by the writer to form a chapter of a book of
semi-philosophical character upon which he is engaged.

In view, however, of the amonnt of attention which the
subject of Relativity is at present attracting, it seemed
to him that this portion might prove of snfficient interest
to warrant its separate publication.

From the standpoint of the pore mathematician Geometry
is a branch of fermal logic, but there are more aspeets of
things than oee, and the geometrician has but to look at
the name of his ecience to be reminded that it had its origin
in a definite physical problem,

That problem in an extended formu etill retains its
interest.

A. A, Ross.
kel 330177

May 134k, 1921,



“Bat deepest of all illusory Appearances, for hiding
Wonder, as for many other ends, are yoor two grand
fondementul world-enveloping Appearances, BracE and
Timy,  These, as apun and woven for os from before Birth
itself to clothe our celestiul Me for dwelling here, and yet
to blind it,—lie all-embracing, as the universal ecanvas,
or warp anpd woof, whereby all mivor Illusicns in this
Phantasm Existence weave and paiot themselves. In vain,
while bere on Earth shall you endeavour to strip them off ;
you cun, at best, but rend them asunder for moments,
and look through.”

CARLYLE, “ Sarfor Resarius”



OPTICAL GEOMETRY OF MOTION,

Introduction.

THE foundations of Geometry have been earefnlly investi-
gated, espec:iml%y of late yewrs, by many eminent
mathematicisis. hese iuvestigntions have (with the
notable exception of thowe of Helmholtz) been almost all
directed towards the Logical aspects of the snhject, while
the Physical standpoint hes received comparatively little
attention. :

Speaking of the different * Geomeiries™ which bave
been devised, Poincaré has gooe so far as to say that:
“one Geometry cannot be more trne than another; it ean
ouly be more convenient.,” In order to support this view it
is pointed ont that it ie possible to constrnet a sort of
dictionary by means of which we may pass from theorems
in Enclidian Geometry to corresponding theorems in the
Gieometries of Lionbatachefskij or Hiemann,

In reply to this; it must be remembered that the
langnage of (teometry has a certain frirly well defined
physical signification which in it essential features must
be preserved it we are to avoid coofnesion.

As regards the “dictionary,” we would veutnre to add
that it wonld alsn he possible to constrnct one in which the
ordinary nsea of the words dlaet and white were inter-
changed, but, in spite of this, the snbatitution of the word
white for the word dlget in frequently taken as the very
type of a falsshood.

It is the contention of the writer that the axioms of
Geometry, with a few exceptions, m? be regarded us the
formal expression of certsin Optieal fuets. The exceptious
are o few axioms whose busis appears to be Logical rather
than Physieal.

It is proposed in the following pages to refer briefly,
in the first place, to certain Optical phenothena which occur
in free space, npon which we might snppose some of the



chief axioms to hove their foundutions ; and then to emplo
these to establish ou & new basis some of the grauudwui'f;
of the theory of * Helutivity.”

The writer does not propose, in the ypreseut puper,
to go iuto the more mivnte Logivel details of the found-
utions of Geometry; as it seems 1o him that these wounld
tend to obseure the genersl standpoivt which be desires
to em kptmui:«:. For this reason he prefers to reserve them
for a futare cecusion,

Opricarn GroMerry oF REsT.

Tu the application of ordinavy Geometry as distingnished ‘v
from Kioematics, we are coucerned with systems which® -

preserve their confignration unchunged. We shall first
cousider briefly sueh syntems. Onr sense of vision supplies
us with a direet means by which we can tell that a puarticle
in free space lies fu the same struight line as two other
particles. Il three purticles 4, B, aud € do vot all lie in
the same straight line, we may also make use of onr sense
of vision to determine wleu o fonrth particle J7 lies in the
sawe plave as A, B, and C.  The test is us follows :

We tuke u fifth particle £, nud then, if £ lies in the
phue of 4, B, €, we muy place K so that it is in the same
parnight live ns I sud cue of the three particles, say 4,
ud 18 Blso in the sume dtruight Jive as the vemaiving
purticles 8 wnd €. (Io cuse AD and BC ave parallel,
we muost interclange either 4 aud B or A sud C 1o oxder
to carry out the test.) : ;

Simple Opticul interpretations of like vatnre may be
devised for vavions other Geometrical couceptions.  As
vpgurds the votions and axioms of congroenee these may
be given u very simple interpretation by means of the
properties of plans mirrors, but from o theoretieal stand-
poiut it appears better to vegard cougruence us based on
" the finite propagution of light.

We shall regurd it as wu experimental fact that light
takes & finite iuterval of time in tvavelling from & particle
A to a purticle B und buck again, |

Let us suppose that we have = peeticle 4 which is so
sitnuted with respect to ather purticles 8, €, I, &c.. that
u flush of light being seut out simoltaneously to B, €, D,
&o., nud veflected from these buck to 4, returus to the Intter
simultuneonsly from all the particles. We shall then define
the stretchies 4B, AC, AD, &e., us congruent or equal.

/h

e
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We shall define a right angle ns follows
Let £ be n particle which lies in the same
B straight line as two others 4 and B, and so
that the stretches DA and 1B ave eqnal.
Let ¢ be another particle not Iying in the
& e line A8, but such that the stretches €4 and
CB are equal. Then we shall define the
angles CHA nod COB as right angles.  As
regards other angles we shall define them na
eongrnent when their trigenometrical ratios
are equal. The method of determining these will be obvious
hereafter.

Bince we have nscribed a meaning to the eguality of

stretches, we kuow the meaning of an equilateral trinngle.
Snppose now we have five particles
o E A B, C D E, of which 4, B, and €

lie in a straight line and so that the
stretches B4 and BC ave equal. Let
& the other two particles be so sitnated

that ADB and BEC are eqnilateral
triangles, and, further, let them lie in one place and on the
same side of the line A5,

The test for this is that we shonld he able to place
a sixth particle F so as to lis both in the line AE and
in the line €D,

We shall supposs then that obsersation shows our system
to be such that DBE is also an equilateral triangle.

This exclndes the Geometries of Lobutschefskij and
Riemann, since in these the angle of an equilateral triangle
ia either less or move than ene-third of two right nngles.
Weshall find an interlpretatinu of Lobatschelskij's Geometry
when we come to deal with motion.

It will be shown that a system of three particles diverging
nniformly, with eqnal relative rapidities, from simnltaneons
contact may be regarded as the cornees of a Lobatschefskij
trinngle.

It thns appenrs that the fulfilment of our criterion of
a Enclidian system exclndes the poseibility of our system
of particles diverging from owme another in this way—
a possibility which at first sight might appear to lie opeu.

Since we are nob yet in a position to prove this, we
must ignore the seeming possibility nntil we have shown
that the set of diverging particles has this property, and
it may then be shown (by m process of reductio ad absurdum)
that the seemiog poswibility has already actnally been
excloded.

A
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There is another impovtant restriction which we mnst
snppose placed on onr aystem of permunent coufiguration
before we can go ou to consider the motion of particles.

Let s consider auy three particles d, B, € of our system,
which are not all in the same straight line, aud suppose a
Hash of light, starting ont from one of the particles, suy 4,
goes theuce to B, theuee to O, and theuce back to 4.
Imagine a second flash, starting simnltaneously with the
first, and geiug round in the opposite direction, namely,
from A4 te O, from ' to 5, and from & back to 4.

Now, from the purely logical standpoint, three possi-
bilities are open : . .

{1% The first flash may arrive before the second.
{2) The secoud flash may srrive before the first.

{3) The two flashes may arvive simaltanecnsly.

If, starting from any of the three particles, both flashes
return simullancously, we vegard the system as not rotating
in ifs own plane,

Thus * abselute rotation™ acquires a definite meaning in
onr system of Optical Geometry. We shall snppose this
teat to be applied Lo the varions sets of thres particles which
may ha selected from a gronp of fonr particles which do not
all lie in one plane. By dotng this we ensnre the absence
of rotation abont any axis of cur systern of permanent’con-
fignration, ;

Let ns now snppose that any selected two of the particles
of the system are at one-hull the unit distance apnrt, As
we have not yet properly defined distauce, it wonld perhaps
be better to say that, having selected a snitable pair of
particles of the system, we define them to be at one-half
the nit distance apart, Having got such a system of
purticles, we now proceed to male nse of it

“Iwpex” oF Fuwpaduwran Pawrions aT axwy Issranr.

We propese to intrednee a eonception which we shall
cull the dndex of a particle at any instant. Thisis a number
whick we shall defing in a certain physical way as associated
with @ particle af ar instznd. {:fe ghall st first define it
ouly for one of onr fnndamenta] particles, leaving the general
definition till later. .

Let us take then the partiele 4, and at a selected instant
suppose & flash of light sent ont to B, which is ut one-half the
nait distapee from it, nod reflected from B back to 4. We
shall say that the indexr of A at the instant of departore
is 0, while at the instant of veturn it is 1. We shall sap-
ypose the flash returned once more at B and then back to A4,



