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PREFACE

Mathemsticiana have always been cecupied wilh guestions of
maxime and minima. With Knelid ome of the simplest problems
of this character was: Find the shorfest line wlich moy be drowa
Srom e poind to m bae, and o the fifth book of the conies of
Apollonius of Terga oceur such problems as the determination
of the shortest line which may be drawn from a point {0 o given
conte deetion,

It i= thus séen that a sort of theory of maxima and minima
was koown long betore tho diseovery of the differential ealeulus,
and it may be shown that the attempts to develop ihis theory
exercised eonsiderable influence upon Lhe discovery of the cal
culue. Format, for example, after making numerons restorations
of two books of Apollonius, often cites this old geometer in his
“nethod for determining mamimum ond minomam,” J638, o work
which in some instances is so closely rolated to the calenluz
that lagrange, Laplzee, Fourier, and others wished o consider
Fermat as the discoverer of the calenlns, This Le probubly would
have heen had he started from a somewhat move general point
of view, ns in fael was done by Newlon (Opusewle Newlond, I,
Bi—88).

Maclaurin {4 Preadise of Flueions, Vol I, p. 214, 1742), wrote:
“There are hardly any speculations in geomelry more useful or
more entertaining than these which velate Lo maxima and ininima,
Amongst Lhe various improvemwents thal began to appear in the
higher parts of geometry about a huodred years ago, Mr. de
Fermat proposed o method for finding the maxima and minima,
How the methods that were then invented for the mensuration
of fignres end drawing tangents to curves are comprehended
and {mproved. by the method of Fluxions, may be understood
from what hns alrendy been demomstrated. A general way of
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resolving questions concorning maxima and mimma is also de-
rived from ii, thal is so easy and expeditious in the most
common cases, and is so successful when the question is of a
higher degrec, when the difficulty is greater and olher methods
fnil us, that thie 1= justly esteemed one of Lhe mest admirable
applications of Fluxions.”

The theory of maxima and minima wos rapidly developed
along the lines of the caleulus aftor the discovery of the latter
Matl Livians were at frsg with finding the necessuy
conditions for the solution of the problem. These conditions, hows
ever, are seldom al tle same time sullicient. In order to decide this
last point, the discovery of [urther algebraic means was necessary.
Degcartes had alweady remurked, in a letter of March 1, 1038, that
Termat's rule for finding maxima and minima was imperfect ; and
we shall seo that many imperfections slill existed for o long time
alter the invention of the caleulus by Newlon

As introductory e a course of leclures on the calenlus of
variations, 1 have for a number of years given a brief ontline
of the theory of maxima and minims This cutline iz founded
on the lecturcs that wers preseuted by the late DIrofossor
Weterslrass iu the University of Derling T4 treals the ordinary
cascs; thal is, where the funotions ary everywhere regular and
where the forws are either definite or indefinite. Tt was pullished
as o bulletin of the University of Cincinoeti in 1903, At that
time J expected to publish ancther bnlletin which was Lo (reat
tho more special cases; for examplo, where only one-sided differ-
entintion enters, the “ambiguons case,” where the form [s semi-
definite, ete. A treatment of thesa eases, the extraordinary vases,
required more stndy than was aoticipated. Tho bulletin has
consequently been delayed so long that T have concluded to give
an entirely new exposilion of the whole theory,

In the proface to the Cerman tmoslation by Bohlmann and
Schopp of Peano's Caleolo diffirensiole ¢ prineipu di caleols
antegrals, Professor A, Mayer writes that this book of Peano not
only is a model of precise presentation and rigovous dedmetion,
whose propitious infinence has been unmislakably felt upon
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wlmost every calenlus that has appeared (in Germany) sinee thet
time (1884), but by ealling attention to old and deeply rooted
arrovs it has given sn impulse to new and fruitfnl development.

The important objection contained in this book (Nes. 133-128)
showed unquestionably that the entire former theory of maxima
and minima needed a thorough renovation; and in the main
TPeanv's book is the oviginal sawree of the heantiful and to a
great degree fundamental works of Scheeffer, Stolz, Vietor v
Dantscher, aud others, whe have developed new and strenuoms
theories for evtreme values of funetions. Speaking for the
Grermans, Prolessor A, Mayer, in the mtredneiion to the above-
mentioned book, declaves that there has been a long-felt neod
of & work whicly, for the fvel lime, not only is free from mis-
lukes and inaccwacies lat have been so long in vogue but
whicl, Lesides, #o Incisively penetrates an important ficld that
hitherto has been considered quite elomentary.

To a considerable degres these naccuracies are duc o one of
the greatest of ol mathewaticiens, Lagrange, and thoy have
heen diffused in the Trench sclhool by Bertrand, Berrot, and
others. We further find that these mistokes sre ever being
ropeated by Tnglish and American authors in the numerous
new works which are constantly appearing on the caleulns,

1t seoms, therefore, very desirable in the present slate of
mathomatical seicnee m ihis couniry thal e sllention he
given to the theory of maxima and minima; for it hag a high
interest as a topie of pure analysis and finds immediale appli-
cation to almost every brapch of mathematies

I have therefore prepared the present book for students whe
wish to take a more extended course in the calenlus as intree
ductory to graduste work in wathematics. T do not believe in
making university students study abstrnse theories in foreign
langnages, and in this treatise it will be found that the peda-
gogical side of the presentation is insisted wpon; for exmmple,
the Taylor development in series is given under at least hall a

dozen different forms,
HARRIS HANCOCK
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